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Abstract
We derive relations among form factors describing the current-induced transitions:
(vacuum) → B,B∗, Bpi,B∗pi,Bρ and B∗ρ using heavy quark symmetry. The re-
sults are compared to corresponding form factor relations following from identities
between scalar and axial vector, and pseudoscalar and vector spectral functions in
the heavy quark limit.
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With the introduction of the heavy quark effective theory [1], (HQET ) we have witnessed
dramatic developments in our understanding of the physics of hadrons containing a heavy
quark Q. The systematic expansion in inverse powers of the heavy quark mass mQ accom-
plished in the HQET allows QCD calculations of hadronic processes to a level of rigor
previously only conceivable in deep inelastic reactions. In the heavy quark limit (HQL)
the effective Lagrangian exhibits a new spin-flavor symmetry [1]. This heavy quark sym-
metry (HQS) imposes restrictive constraints on weak decay amplitudes. Notable results
are the scaling relation between decay constants [2] and the reduction of semileptonic
form factors of heavy mesons and baryons to a small number of Isgur–Wise functions [1].
In this paper we will present an alternative approach to obtain relations between form
factors in the heavy quark limit (HQL). Our approach is based on the observation that
in this limit certain correlators of two currents comprised of a heavy and a light quark
become identical (while they bear no relation to each other in the full QCD). For example,
the vector-vector (VV) correlator equals the pseudoscalar-pseudoscalar (PP) one and the
axial vector-axial vector (AA) correlator equals the scalar-scalar (SS) one. If we adopt
the point of view that the physical spectral function is obtained from the QCD correlator
by some form of analytic continuation, then identical QCD correlators imply identical
physical spectral functions. We will try in this paper to exploit this form of duality as far
as possible.
We consider two-point functions defined (in full QCD) through
Πµν(q) = i
∫
dxeiqx〈0|T
(
Jµ(x)J
†
ν(0)
)
|0〉 (1)
where the renormalized currents are
Jµ(x) = q¯(x)ΓµQ(x), Γµ = γµ or γµγ5 (2)
with q(x)(Q(x)) being the light (heavy) quark field.
Given a hadron with four-velocity vµ and assuming that the four-velocity of the heavy
quark is almost equal to vµ one can factorize out the large mQ effects by introducing a
field hv(x) through
hv(x) =
1 + 6v
2
eimQv·xQ(x) (3)
which carries only the residual momentum. When the QCD Lagrangian is expressed in
terms of the field hv(x) it exhibits the well-known static spin flavour symmetries.
The current (2) then goes over to
Jµ(x)→ e−imQv·xJ˜µ(x) (4)
where J˜µ(x) is the current in the effective theory.
J˜µ(x) = q¯(x)Γµhv(x) (5)
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The matrix elements of J˜µ satisfy the spin-flavor symmetries. The HQET predictions
for decay parameters must, however, still be related to the physical (i.e. full QCD) ones
through the procedure of running and matching.
The correlator in the effective theory reads
Π˜µν(q) = i
∫
dxeiqx〈0|T
(
J˜µ(x)J˜
†
ν(0)
)
|0〉
= (−gµνq2 + qµqν)Π˜(1)(q2) + qµqνΠ˜(0)(q2) (6)
In HQET the following symmetry relations hold
Π˜
(1)
V V = Π˜
(0)
AA
Π˜
(1)
AA = Π˜
(0)
V V (7)
where we emphasize that the currents in the correlators (6) are HQET currents. The
subscripts V V and AA refer to the currents involved in the correlator (6).
The absorptive part of the two-point function is given by
Im Π˜µν(q) = (2π)
3
∫
dxeiqx
∑
n
δ(q − pn)× 〈0|J˜µ(0)|n〉〈n|J˜†ν(0)|0〉
≡ (−gµνq2 + qµqν)ρ(1)(q2) + qµqνρ(0)(q2) (8)
Depending on the parity of the current J˜µ, different intermediate states n contribute to
the spectral functions ρ(i)(i = 0, 1). The most important intermediate states which we
will consider in the following are listed in Table 1.
Table 1: Lowest lying intermediate states contributing to the
spectral functions ρ
(i)
V V and ρ
(i)
AA(i = 0, 1).
Intermediate states Spectral function
B ρ
(0)
AA
B∗ ρ
(1)
V V
Bπ ρ
(0)
V V , ρ
(1)
V V ,
Bρ ρ
(1)
V V , ρ
(1)
AA, ρ
(0)
AA
B∗π ρ
(1)
V V , ρ
(1)
AA, ρ
(0)
AA
B∗ρ ρ
(1)
V V , ρ
(0)
V V , ρ
(1)
AA, ρ
(0)
AA
In the HQET [3]
ρ
(1)
V V (q
2) = ρ
(0)
AA(q
2) (9)
3
ρ
(1)
AA(q
2) = ρ
(0)
V V (q
2) (10)
for q2 close to the heavy-light threshold satisfying (q2 −m2Q) << m2Q. From the identity
Eq.(9) one immediately concludes the equality of the leptonic decay constants fB and fB∗
as a manifestation of the spin symmetry, where the decay constants are defined as
〈0|Aµ|B〉 = ifBpµ
〈0|Vµ|B∗〉 = fB∗MB∗ǫµ (11)
For the two particle intermediate states we expect relations between various form factors.
To determine these we first define the relevant matrix elements,
〈Bπ|Vµ|0〉 =
√
M1(f
V
1 v1µ − fV2 v2µ)
〈B∗π|Vµ|0〉 =
√
M1f
∗V iǫ(µǫ∗1v1v2)
〈B∗π|Aµ|0〉 =
√
M1ǫ
∗α
1
[
f ∗A1 gαµ + f
∗A
2 v2αv1µ + f
∗A
3 v2αv2µ
]
〈Bρ|Vµ|0〉 =
√
M1g
V iǫ(µǫ∗2v1v2)
〈Bρ|Aµ|0〉 =
√
M1ǫ
∗α
2
[
gA1 gαµ + g
A
2 v1αv1µ + g
A
3 v1αv2µ
]
〈B∗ρ|Vµ|0〉 =
√
M1
[
ǫ∗1αǫ
∗
2βv1βv2α(v1µg
∗V
1 + v2µg
∗V
2 )
+ gαβ(v1µg
∗V
3 + v2µg
∗V
4 ) + gαµv1βg
∗V
5 + gβµv2αg
∗V
6
]
〈B∗ρ|Aµ|0〉 =
√
M1
[
iǫ(µǫ∗1ǫ
∗
2v1)g
∗A
1 + iǫ(µǫ
∗
1ǫ
∗
2v2)g
∗A
2
+ iǫ(µǫ∗1v1v2)ǫ
∗
2v1g
∗A
3 + iǫ(µǫ
∗
2v1v2)ǫ
∗
1v2g
∗A
4
]
(12)
where the indices 1 and 2 refer to the heavy and light meson, respectively. The normal-
ization of the heavy meson state is chosen to be E/M to facilitate comparison with the
HQL. We use velocities vi = pi/Mi(i = 1, 2) rather than momenta in the definition of
the form factors so that they do not depend on the heavy mass scale.
In the HQET the form factor complexity is reduced. Denoting the HQET heavy to light
reduced form factors by capital letters we obtain the following results using the well-known
trace formalism [1] as applied to heavy meson to light meson transitions (see also [4])
〈Bπ|Vµ|0〉 =
√
M1(F1v1µ − F2v2µ)
〈B∗π|Vµ|0〉 =
√
M1(F2iǫ(µǫ
∗
1v1v2))
〈B∗π|Aµ|0〉 =
√
M1((F1 − ωF2)ǫ∗1µ + F2(v2ǫ∗1)v1µ)
〈Bρ|Vµ|0〉 =
√
M1(−G1 −G3)iǫ(µǫ∗2v1v2)
〈Bρ|Aµ|0〉 =
√
M1
{
(ωG1 −G2 − ωG3 +G4)ǫ∗2µ − 2G4v1ǫ∗2v1µ + (−G1 +G3)(v · ǫ∗2)v2µ
}
4
〈B∗ρ|Vµ|0〉 =
√
M1 {−2G3v1µ(v1 · ǫ∗2)(v2 · ǫ∗1) + (G2 + 2ωG3 −G4)(ǫ∗2 · ǫ∗1)v1µ
+(G1 +G3)
[
(v2 · ǫ∗1)ǫ∗2µ − (ǫ∗1 · ǫ∗2)v2µ
]
− (G2 +G4)(v1 · ǫ∗1µ)
}
〈B∗ρ|Aµ|0〉 =
√
M1 {(−G2 − 2wG3 +G4)iǫ(µǫ∗1ǫ∗2v1)
+(G1 +G3)iǫ(µǫ
∗
1ǫ
∗
2v2)− 2G3(v1 · ǫ∗2)iǫ(µǫ∗1v1v2)} (13)
where ω = (q2 − M21 − M22 )/2M1M2. Some of these results have been derived before
[4]. As a next task we would like to demonstrate how Eqs.(12) and (13) follow from the
equalities between spectral functions Eqs.(9) and (10), or are consistent with them.
In order to be able to express our results in a compact form we will use helicity form
factors rather than the covariant ones of Eq.(12). In the CM system with z-axis in the
direction of the outgoing heavy particle the polarization vectors ǫµ(λW ) associated with
the currents are
ǫµ(0) = (0, 0, 0, 1), ǫµ(±) = 1√
2
(0,∓1,−i, 0)
ǫµ(t) = (1, 0, 0, 0) (14)
where ǫµ(0,±) and ǫµ(t) refer to the spin 1 and spin 0 components of the currents, re-
spectively.
We consider first the Bπ intermediate states. The helicity form factors are defined through
HVλW = 〈Bπ|Vµ|0〉 · ǫµ(λW ) . (15)
Using Eqs.(12) and (14) one obtains
√
q2HV0 =
√
M1
√
ω2 − 1 (−M2fV1 +M1fV2 )
√
q2HVt =
√
M1
(
(M1 +M2ω)f
V
1 + (M2 +M1ω)f
V
2
)
. (16)
In the HQL (M1 →∞ with ω fixed, i.e
√
q2 ≃M1) Eq.(16) reduces to
HV0 = −
√
M1
√
ω2 − 1 fV2
HVt =
√
M1(f
V
1 + ωf
V
2 ) (17)
since fV1 and f
V
2 are heavy mass scale independent.
This result is of the same form as the HQET relation Eq.(13).
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Next we turn to the B∗π intermediate state. The helicity amplitudes for the B∗π inter-
mediate state are defined through
HAλW=λ1 = 〈B∗(λ1), π|Aµ|0〉ǫµ(λW ) (18)
In the HQL one obtains
HA0 =
√
ω2 − 1
√
M1
[
−f ∗A1 + (ω2 − 1)f ∗A3
]
HAt =
√
ω2 − 1
√
M1
[
f ∗A2 + ωf
∗A
3
]
HA± = −
√
M1f
∗A
1
HV± = ∓
√
M1
√
ω2 − 1f ∗V . (19)
The condition ρ
(0)
V V = ρ
(1)
AA now reads
3|HVt (Bπ)|2 = |HA0 (B∗π)|2 + |HA+(B∗π)|2 + |HA−(B∗π)|2 (20)
or
3|fV1 + ωfV2 |2 = |f ∗A1 − (ω2 − 1)f ∗A3 |2 + 2|f ∗A1 |2 . (21)
If we assume pole behaviour of the helicity form factors a solution of the equation (20) or
(21) is
f ∗A3 = 0, f
∗A
1 = f
V
1 + ωf
V
2 . (22)
Similarly, one has from ρ
(1)
AA = ρ
(0)
V V
3|HAt (B∗π)|2 = |HV0 (Bπ)|2 + |HV+ (B∗π)|2 + |HV− (B∗π)|2 (23)
or
3(ω2 − 1)|f ∗A2 − ωf ∗A3 |2 = (ω2 − 1)|fV2 |2 + 2(ω2 − 1)|f ∗V |2 . (24)
Assuming again pole behaviour of the helicity form factors we obtain using Eq. (24) and
the first relation in Eq.(22):
fV2 = −f ∗A2 = −f ∗V . (25)
Eqs. (22) and (25) can be seen to be the HQET result Eq. (13) with fV1 = F1 and
fV2 = −F2. They do not represent a unique solution and strictly speaking, we can only
claim that the HQL spectral function identities Eqs.(9) and (10) are consistent with the
explicit form factor results following from the HQL. Imposing pole dominance of the form
factors, however, the HQL relations follow.
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Finally, we consider the Bρ and B∗ρ intermediate states. The helicity amplitudes for the
Bρ case are defined in analogy to Eq. (18) . The helicity amplitudes for B∗ρ∗ are defined
by
HλW ;λB∗ ,λρ = 〈0|Jµ|B∗(λB∗)ρ(λρ)〉ǫµ(λW ) (26)
with λW = λB∗ −λρ . The helicity amplitude expressions can be worked out but are too
lenghty to be reproduced here.
The equality ρ
(0)
V V = ρ
(1)
AA for the Bρ and B
∗ρ system then implies
3|HVt;00(B∗ρ)|2 + 6|HVt;++(B∗ρ)|2 = 2|HA+;0−(Bρ)|2 + 2|HA+;+0(B∗ρ)|2 + 2|HA+;0−(B∗ρ)|2
+|HA0;00(Bρ)|2 + 2|HA0;++(B∗ρ)|2 (27)
Similarly, it follows from ρ
(0)
AA = ρ
(1)
V V that
3|HAt;00(Bρ)|2 + 6|HAt;++(B∗ρ)|2 = 2|HV+;0−(Bρ)|2 + 2|HV+;+0(B∗ρ)|2 + 2|HV+;0−(B∗ρ)|2
+|HV0;00(B∗ρ)|2 + 2|HV0;++(B∗ρ)|2 (28)
The HQL results in Eq.(13) can be seen to satisfy Eqs. (27) and (28). It seems to be
impossible, however, to derive the HQL results from these two equations as they involve
altogether ten form factors. All we can say is that the spectral function identities are
consistent with the HQL form factors.
In conclusion we have derived relations among form factors describing the current-induced
transitions: (vacuum) → B,B∗, Bπ,B∗π,Bρ and B∗ρ in the HQET. We show that many
of these form factor relations may be obtained in a simple manner by exploiting the
identities between the scalar and axial vector, and pseudoscalar and vector spectral func-
tions which hold in the heavy quark limit by considering in turn the various one- and
two-particle intermediate states.
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